ABSTRACT. This brief survey aims to set the stage and summarize some of the ideas under discussion at the Workshop on Singular Geometry and Higgs Bundles in String Theory, to be held at the American Institute of Mathematics from October 30th to November 3rd, 2017. One of the most interesting aspects of the duality revolution in string theory is the understanding that gauge fields and matter representations can be described by intersection of branes. Since gauge theory is at the heart of our description of physical interactions, it has opened the door to the geometric engineering of many physical systems, and in particular those involving Higgs bundles. This note presents a curated overview of some current advances and open problems in the area, with no intention of being a complete review of the whole subject.
INTRODUCTION
One of the most interesting aspects of the duality revolution in string theory is the understanding that gauge fields and matter representations can be described by the intersection of branes. Since gauge theory is at the heart of our description of physical interactions, it has opened the door to the geometric engineering of many physical systems, and in particular those arising from Higgs bundles, whose moduli spaces have become a principal source of physically-relevant branes.
In an effort to consolidate and disseminate the variety of different techniques, heuristics, and approaches that have been applied to the study of Higgs bundles and spectral data in recent years by the mathematics and physics communities, we present here a short survey on these subjects, as well as a collection of open problems and ideas revolving around them. This note focuses on two interrelated themes concerning Higgs bundles and the Hitchin fibration, and their interactions with mathematical physics:
(A) Higgs bundles and algebraic geometry: invariants of singular spaces, and in particular singular fibers of the Hitchin fibration (section 2); the effect of these fibers on the geometry of the moduli spaces of Higgs bundles, including limits within the the Hitchin fibration (section 3), and the appearance of Higgs bundles on singular curves (section 4).
(B) Hitchin systems and T-branes: the study of the moduli space of Higgs bundles and its branes through the Hitchin fibration (section 5), and their appearance within the broader setting of string/Ftheory (section 6), and Calabi-Yau elliptic fibrations (section 7).
Although these two themes are closely related, correspondences between them are just in their infancy. In particular, obtaining a global understanding of Higgs bundles over singular curves, and of Higgs bundles which have singular spectral data, would be most beneficial from the perspective of Ftheory and superconformal theories in diverse dimensions. We hope these notes will help to further clarify the role that spectral curves and spectral data play in string theory, both for those studying Higgs bundles on Riemann surfaces and for those studying Higgs bundles on higher dimensional spaces.
This short survey is not intended to be a complete overview of the research done in the area, but rather a concise description of certain particular paths of research that are currently receiving much attention, and that present open problems that could be tackled by researchers in different areas of mathematics and physics. 
HIGGS BUNDLES AND THE HITCHIN FIBRATION
Throughout the paper we shall consider a compact Riemann surface Σ of genus g ≥ 2 with canonical bundle K = T * Σ. In what follows, we recall some of the main properties of complex and real Higgs bundles, as well as the associated Hitchin fibration.
2.1. Higgs bundles. We begin by briefly reviewing the notions of Higgs bundles for real and complex groups which are relevant to this paper. Further details can be found in standard references such as Hitchin [Hit87a, Hit87b] and Simpson [Sim92, Sim94] . Recall that GL(n, C)-Higgs bundles of degree 0 on Σ are pairs (E, Φ) where
• E → Σ is a holomorphic vector bundle of rank n and degree 0,
• the Higgs field Φ : E → E ⊗ K, is a holomorphic K-valued endomorphism. By the work of Hitchin and Simpson, given a polystable Higgs bundle, there is a unique hermitian metric h on E, known as the harmonic metric, solving the so-called Hitchin equations:
where D(∂ E , h) is the Chern connection, i.e. the unique h-unitary connection such that D 0,1 = ∂ E , the curvature of the Chern connection is denoted by F D(∂ E ,h) , and Φ * h represents the hermitian adjoint of Φ with respect to the hermitian metric h. The correspondence between pairs (E, Φ) and triples (E, Φ, h) is known as the nonabelian Hodge correspondence. More generally, for a complex reductive Lie group G C , one has the following [Hit87b] : Definition 1. A G C -Higgs bundle is a pair (P, Φ), where P is a holomorphic principal G C -bundle, and Φ is a holomorphic section of ad(P) ⊗ K, where ad(P) is the adjoint bundle of P.
In this setting, there is a similar nonabelian Hodge correspondence, where the notion of a hermitian metric is replaced by a reduction of structure of P to the maximal compact subgroup of G C . By considering appropriate stability conditions, one may define the Hitchin moduli space M G C of isomorphism classes of polystable G C -Higgs bundles, which was introduced by Hitchin in [Hit87a] . Up to gauge equivalence, the points of the moduli space M G C represent polystable G C -Higgs bundles on Σ. Moreover, the through nonabelian Hodge correspondence, points of the moduli space represent solutions of the G C -Hitchin's equations.
Given a real form G of the complex reductive lie group G C , we may define G-Higgs bundles as follows. Let H be the maximal compact subgroup of G and consider the Cartan decomposition g = h ⊕ m of g, where h is the Lie algebra of H, and m its orthogonal complement. This induces a decomposition of the Lie algebra g C = h C ⊕ m C of G C . Note that the Lie algebras satisfy [h, h] • P is a holomorphic principal H C -bundle on Σ,
• Φ is a holomorphic section of P × Ad m C ⊗ K.
Similar to the case of Higgs bundles for complex groups, there are notions of stability, semistability and polystability for G-Higgs bundles, and one can see that the polystability of a G-Higgs bundle for G ⊂ GL(n, C) is equivalent to the polystability of the corresponding GL(n, C)-Higgs bundle. However, it should be noted that a G-Higgs bundle can be stable as a G-Higgs bundle but not as a GL(n, C)-Higgs bundle. The moduli space of polystable G-Higgs bundles on the compact Riemann surface Σ shall be denoted by M G .
2.2. The Hitchin fibration. The moduli space M G C of G C -Higgs bundles admits a natural complete hyperkähler metric over its smooth points, and a way of studying it is through the Hitchin fibration [Hit87b] . This fibration maps (E, Φ) to the eigenvalues of Φ encoded in the characteristic polynomial det(Φ − ηId) of Φ, and is obtained as follows. Let {p 1 , . . . , p k } be a homogeneous basis for the algebra of invariant polynomials on the Lie algebra g c of G C , and let d i denote the degree of p i . The Hitchin fibration is then given by
where Hit is referred to as the Hitchin map. It is a proper map for any choice of basis 1 , its generic fibers are abelian varieties, and makes the moduli space into a complex integrable system [Hit87b] .
Each connected component of a generic fiber of the Hitchin map is an abelian variety. In the case of G C -Higgs bundles this can be seen using spectral data [Hit87b, BNR89] . Through the characteristic polynomial of the Higgs field of a G C -Higgs bundle (E, Φ), one may define an algebraic curve, called the spectral curve of (E, Φ), which is generically smooth 2 :
where Tot(K) is the total space of K and η is the tautological section of K on Tot(K). We say that (E, Φ) lies in the regular locus of M GL(n,C) if the curve S is non-singular, and denote the regular locus of the moduli space by M G C . Let π : S → Σ be the natural projection to Σ, and let η ∈ H 0 (S, π * (K)) denote the restriction of the tautological section of K to S. If (E, Φ) is in the regular locus, then there exists a line bundle L → S for which E = π * L, and Φ is obtained by pushing down the map η :
In this way, one recovers the pair (E, Φ) from the pair (S, L), which is referred to as the spectral data associated to the pair (E, Φ).
Note that the spectral curve S of the pair (E, Φ) depends only on the characteristic polynomial of Φ and hence it only depends on the image of (E, Φ) under the Hitchin map. Therefore any point a ∈ A G C has an associated spectral curve S a . If a is in the regular locus of A G C , in other words, if the associated spectral curve S a is smooth, then the spectral data construction identifies the fiber Hit −1 (a) of the Hitchin system with some subspace of Pic(S a ), the Picard variety of the spectral curve S. The connected components of Pic(S a ) are isomorphic to copies of Jac(S a ), the Jacobian of S a , and are labeled by the degree of the vector bundle E of a Higgs pair (E, Φ). In particular, for G C = GL(n, C), the generic fibs are isomorphic to Jac(S a ), and one can see from here that the components of the regular fibers are abelian varieties. While much is known about the generic fibers of the G C -Hitchin fibration, there are still several interesting open questions. In particular, it would be interesting to understand the geometry of the generic fibres of the Hitchin fibration stated in the open problems of [Sch17] . For instance, it is interesting to consider the following:
Open Question 1. Considering the notion of "strong real form" from [Ada05] , describe the corresponding Higgs bundles and determine which ones define singular spectral curve.
When considering arbitrary groups G, the algebraic curve defined by the characteristic polynomial of Φ is not always generically smooth. In this case, one may consider cameral covers [Don95] : these are K valued covers of Σ with an action of W, the Weyl group of G. The fiber of the associated fibration can be described in terms of these covers, and over a generic point of the base the cover is a W-Galois cover (e.g., see [Don93, Don95, DG02, Fal93, Sco98] , and [DP12] for further references). In this set up, there is a natural discriminant locus in the Hitchin base, away from which the connected component of the fiber is isomorphic to a certain abelian variety which can be described as a generalized Prym variety of the cameral cover. However, the study of the singular fibers, even from the perspective of cameral covers, is not fully understood.
Open Question 2. Give a comparison of what is known for singular fibers of the Hitchin fibration from the perspective of cameral covers and of spectral data.
Cameral covers have shown to be very useful tools to understand the moduli spaces of principal Higgs bundles and their relation to many other fields. However, the abstraction of the method and the constructions of the covers can sometimes make certain properties of the moduli spaces very difficult to discern. Although most objects are defined in the above papers in a general way, their description and study for particular groups is still being done by many researchers (e.g. see recent developments for real Higgs bundles in [PN13, PN15] , where interesting comparisons with classical spectral data are carefully explained).
Open Question 3. Extend the cameral cover methods of [PN13] for SU(p, p + 1)-Higgs bundles to all other real Higgs bundles which lie completely over the singular locus of the Hitchin fibration.
2.3. The singular locus of the Hitchin fibration. As mentioned before, the fiber Hit −1 (a) over a ∈ A G C is said to be singular when the corresponding spectral curve S a is singular. The most singular fiber is the nilpotent cone 3 , which sits over 0 ∈ A G C . One of the tools to study the nilpotent cone is the moment map µ of the S 1 action (E, Φ, h) → (E, e iθ Φ, h) [Hit87a, Hau01] . Moreover, the nilpotent cone is preserved by the flow by µ [Hau98, Theorem 5.2], and since points of M G C flow towards the nilpotent cone, it encodes the topology of the moduli space.
The nilpotent cone has primarily been studied for SL(n, C) and GL(n, C), and much of its geometry remains unknown for the moduli spaces of G C -Higgs bundles. For SL(n, C) and GL(n, C)-Higgs bundles, the irreducible components of the nilpotent cone are labeled by connected components of the fixed point set of the S 1 action. Among these components is the moduli space N of semistable bundles 4 . Other singular fibers have been the subject of more recent research (e.g., see [GO12, BS17, HS14] ). In particular, in the case of GL(n, C)-Higgs bundles while when the spectral curve S is smooth, the corresponding fiber Hit −1 (S) can be identified with the Jacobian Jac(S) of all line bundles L → S of degree 0, when the spectral curve S is not smooth, the corresponding fiber is seen to be the compactified Jacobian [BNR89, Sch98] (see also [MRV17, Fact 10 .3] for a clear explanation). The compactified Jacobian Jac(S) is the moduli space of all torsion-free rank-1 sheaves on S, where the usual "locally-free" condition is missing. Moreover, when S is not integral, the fine moduli space needs to be considered. A more intuitive definition of the compactified Jacobian is the following: consider a path of smooth curves S t approaching a singular curve S 0 ; since the limit of Jac(S t ) does not depend on the choice of smooth family [Igu58] , this limit is Jac(S).
In the case of SL(2, C)-Higgs bundles, much work has been done on the singular fibers of the corresponding Hitchin fibration. For example, see [FW08, §5.2.2] for connectedness of the fiber of M SL(2,C) when S is irreducible and has only simple nodes; see [GO12] for a fuller description of the singular fibersOpen Question 4. Building on the results for SL(2, C)-Higgs bundles, describe the singular fibers of the Hitchin fibration for arbitrary G C .
When the singular fiber lies above some particular types of spectral curves, one may describe the fibers by considering some modified version of spectral data, leading to the following natural question:
Open Question 5. Give a geometric description of the fibers of the Hitchin fibration of G C -Higgs bundles which lie over spectral curves whose equation is det(Φ − η Id) = P k (η) for k ≥ 2, and {P(η) = 0} generically smooth.
When the spectral curve has defining equation det(Φ − η Id) = P 2 (η), components of the fiber were studied in [HS14] , and the full fibers of the Hitchin fibration with that base point are described in [Bra17] . From a different perspective, in terms of fiber products of spectral curves, certain singular spectral curves were considered in [BS16c] . While not much is known about the singular fibers of the Hitchin fibration for G C -Higgs bundles, one may deduce properties of the whole moduli space by considering the monodromy action of the natural Gauss-Manin connection of the fibration. In the case of SL(2, C)-Higgs bundles, the study of the monodromy was done in [Sch13a] , where an explicit formula was used to understand connectivity of the moduli space. The work was later extended to twisted rank 2 Higgs bundles in [BS16a] , and to all SL(n, C)-Higgs bundles in [Bar16] . However, the general understanding of the monodromy action for other groups remains open:
Open Question 6. Give a geometric description of the monodromy action for the Hitchin fibration of G C -Higgs bundles.
Finally, since the moduli spaces M G C are often not smooth, it is important to understand the singularities of M G C . For a beautiful survey on recent developments in the theory of moduli spaces of sheaves on projective varieties, and implications for Higgs bundles, the reader may refer to [MS16] . In the case of parabolic Higgs bundles, a description of the Hitchin fibration was given recently in [BK17] , and it would be very interesting to understand the above considerations and open questions in this other setting. Fixing a stable Higgs bundle (E, Φ) in M SL(2,C) , the ray of Higgs bundles with harmonic metric (E, tΦ, h t ) approaches the ends of the moduli space as t → ∞. In order to understand what the behavior of the harmonic metrics h t as t → ∞ is, note that in the limit the curvature F D(∂ E ,h t ) concentrates at the ramification points Z ⊂ Σ of π : S → Σ and vanishes everywhere else. The decay is exponential in t, leading to the following result: 
HIGGS BUNDLES AND LIMITING
Consequently, the limiting hermitian metric is singular at the ramification points Z ⊂ Σ and solves the decoupled Hitchin's equations on
It is often said that Hitchin's equations "abelianize" asymptotically. The vanishing of the Lie bracket in (3.2) reflects the deeper expectation that the metric h ∞ is the pushforward of a singular harmonic metric h L on the spectral data L → S. This has been proved in the SL(2, C) case: in [ 
The ends of the regular locus.
More is known about the ends of the regular locus M SL(2,C) . For t large but finite, the harmonic metric h t is close to an approximate harmonic metric h approx t , constructed by desingularizing h ∞ [MSWW16] . On small disks around points in Z ⊂ Σ, the approximate metric is equal to a smooth local model solution
where u t (|z|) comes as a solution of a t-rescaled Painlevé III ODE with boundary conditions given by u t (|z|) ∼ − 1 2 log(|z|) near |z| = 0 (so that h t is smooth), and lim |z|→∞ u t (|z|) = 0. Note that in this same local gauge, the singular limiting metric h ∞ would be equal to
Outside of small disks around Z ⊂ Σ, the approximate harmonic metric h approx t is equal to h ∞ . The approximate description of h t by h approx t has already been useful in [MSWW17] for describing the hyperkähler metric on M SL(2,C) near the ends. There are two natural hyperkähler metrics on M SL(2,C) : first, the hyperkähler metric g L 2 on M SL(2,C) restricts to M SL(2,C) ; second, there is a metric g sf on M SL(2,C) , known as the semiflat metric because g sf is flat on the half-dimensional torus fibers [Fre99] . The metric g L 2 comes from taking the L 2 metric on triples (E, tΦ, h t ), while the semiflat metric g sf comes from taking the L 2 metric on the moduli space of triples (E, tΦ, h ∞ ) [MSWW17] . Consequently, Mazzeo-Swoboda-Weiss-Witt are able to describe the difference between g L 2 and g sf using their careful description of h t and h ∞ . They prove
as t → ∞. Here each G j is a symmetric two-tensor.
Open Question 7.
Are the polynomial correction terms G j non-zero?
Separate from this description of the ends with PDE techniques, a remarkable conjectural picture of the asymptotic geometry of M SL(n,C) has emerged from physics in the work of Gaiotto, Moore, and Neitzke [GMN10, Nei13] . Their starting point is the semiflat metric g sf on M SL(n,C) which is too homogeneous to extend to all of M SL(n,C) . They give a recipe for constructing a complete hyperkähler metric g GMN on M SL(n,C) differing from g sf by "quantum corrections" which are computed by counting certain BPS states in supersymmetric field theory. In particular, the quantum corrections have the following size
as t → ∞. In this formula, as in the previous sections, a is a point in A SL(n,C) , the corresponding spectral curve is S a with tautological one-form η; and the sum is over all loops γ in S a . The Ω(γ, a) are BPS counts in supersymmetric field theory. These are Z-valued and piecewise-constant, jumping across certain walls in the parameter space. The jumps are constrained to satisfy the Kontesevich-Soibelman wall-crossing formula [KS08] , and thus g GMN is smooth. Moreover, Gaiotto-Moore-Neitzke conjecture
The hyperkähler metric g GMN on the moduli space is the natural hyperkähler metric g L 2 on M SL(n,C) .
If the conjecture of Gaiotto-Moore-Neitzke is correct, then all of the symmetric two-tensors G j appearing in (3.5) vanish, answering Open Question 7. Note that there is already evidence that this happens on the Hitchin section [DN17] . As a ∈ A SL(n,C) approaches the singular locus A sing SL(n,C)
, the spectral curves S a become singular. In particular, there is at least one loop γ 0 on S a which pinches; hence the "quantum correction" in (3.6) corresponding to γ 0 is not exponentially suppressed as t approaches ∞. While we have focused here on SL(2, C)-Higgs bundles, equivalent questions (and conjectures) may be asked for more general G C -Higgs bundles, providing several new lines of research:
Open Question 8. Generalize the above results to the case of G C -Higgs bundles for arbitrary G C .
HIGGS BUNDLES ON SINGULAR CURVES
While we have considered before G C -Higgs bundles on a compact Riemann surface Σ, principal Higgs bundles can also be defined over singular spaces X, and in particular, over singular curves. For simplicity, we shall begin by considering nodal curves X, i.e. irreducible projective curves X whose singularities are nodes. In order to generalize the notion of vector bundles on smooth projective curves, one may consider the torsion-free sheaves on the nodal curve X. Through the work of Bhosle in [Bho92a] , the category of torsion-free sheaves on a nodal curve X and category of generalized parabolic bundles over its normalization X are equivalent. Moreover, a first general construction of compactified moduli spaces for semistable G C -bundles on an irreducible complex projective curve X with exactly one node was given in [Sch05] .
4.1. Singular principal G C -Higgs bundles. Through the work of [Sch05] , it was shown in [GP11] that one can treat a principal G C -Higgs bundle over a nodal curve X as a particular type of vector bundle on the normalization of the curve called a descending bundle, objects which are in one-to-one correspondence with the following singular principal G C -Higgs bundles. • E is a locally free sheaf;
X is a section; Open Question 9. Give, if possible, a notion of the Hitchin fibration for these singular principal G CHiggs bundles, and describe the geometry of the smooth and singular fibers.
While Schmitt [Sch05] and Bhosle [Bho92a] proved that there is a moduli space of singular G C -bundles on X with good specialization properties, Seshadri gave a further study of the spaces of torsion-free sheaves on nodal curves and generalizations to, among others, ramified G C -bundles [Ses09] . When considering degenerations of moduli spaces of vector bundles on curves, which are closely related to the singular G C -bundles mentioned above, the reader may want to consider the conjectures presented in [Ses99] .
Just as one may define parabolic Higgs bundles on Riemann surfaces to consider Higgs bundles on marked curves, one may extend these objects to singular curves. Extending the notion of a parabolic vector bundle on a smooth curve, Bhosle defined generalized parabolic sheaves (GPS) on any integral projective curve X [Bho92b] and generalized parabolic bundles (GPB) [Bho96] . She constructed the moduli spaces of GPS and GPB, and studied the correspondences appearing when curves X are obtained from blowing up finitely many nodes in a space Y. Moreover, Bhosle also extended the notion of parabolic Higgs bundles to that of generalized parabolic Higgs bundles (GPH) on the normalization X of an integral projective curve Y [Bho92b, Bho13, Bho96]. In particular, she constructed a birational morphism from the moduli space of good GPH on X to the moduli space of Higgs bundles on Y, and defined a proper Hitchin map on the space of GPH. In this context, the following question is natural.
Open Question 10. Generalize [Bho13] to define generalized parabolic G C -Higgs bundles on X, as well as a Hitchin fibration.
Moreover, the open questions mentioned for the moduli spaces of classical G C -Higgs bundles may also be considered both for parabolic Higgs bundles on Riemann surfaces Σ, and for parabolic Higgs bundles on integral projective curves X. In particular, Bhosle studied recently the relationship between Higgs bundles and the compactified Jacobian of a spectral curve [Bho13] , considering Higgs bundles on the normalization X of integral projective curves Y, leading to an analogous question to that stated for classical Higgs bundles:
Open Question 11. Obtain a geometric description of the singular fibers of the Hitchin fibration for generalized parabolic G C -Higgs bundles on X.
The study of Higgs bundles on singular curves may also be considered in a limiting setting, where one begins with Higgs bundles on a smooth curve and parametrically tunes the curve to degenerate to a singular curve. The particular case of vector bundles on smooth curves degenerating to an irreducible curve with one double point was considered in [Kau05] . The case of the degeneration of the moduli space of Higgs bundles on smooth projective curves when the curve degenerates to an irreducible curve with a single node was studied in [BBN16] .
Open Question 12.
Obtain equivalent degenerations to those in [BBN16, Kau05] for the moduli spaces of G C -Higgs bundles.
In particular, as explained in [BBN16] , their degeneration is analogous to the models constructed by Gieseker and Nagaraj-Seshadri for the case of the moduli spaces for which the Higgs structure is trivial. It should be noted that in [BBN16] the authors also construct a corresponding canonical relative proper Hitchin map, whose fiber provides a new compactification of the Picard variety of smooth curves with normal crossing singularities. In their setting, the single node on the base curve leads to an irreducible vine curve with n-nodes appearing as the spectral curve. It would then seem natural that the quasiabelianization of [BBN16] (resembling Hitchin's classical abelianization) could be generalized.
Open Question 13. Describe the quasi-abelianization of the moduli space of G C -Higgs bundles for different degenerations, following the techniques of [BBN16] .
Finally, since it is important to find natural compactifications of open moduli, and torsion-free sheaves on nodal curves play an important role in [Pan96] within the study of the compactification of the universal moduli space of slope-semistable vector bundles over the compactification M g of the moduli space of genus g curves, it is natural to ask the following:
Open Question 14. Understand the relation between the degenerations of moduli spaces of Higgs bundles above, and the known compactifications of M G C .
Since the correspondence between Langlands dual groups G C and L G C prevails, once the corresponding moduli spaces are understood, and the Hitchin fibrations are shown to exist, one may also want to consider, if possible, the duality between the fibrations. In particular, the work of Arinkin [Ari13] for rank 2 Higgs bundles on the auto-duality of compactified Jacobians for curves with plane singularities would allow one to understand both this setting, as well as the one of singular fibers of the classical Hitchin fibration, leading to an intermediate question:
Open Question 15. Extend the constructions of [Ari13] to the setting of generalized parabolic G C -Higgs bundlesà la Bhosle [Bho13] .
HIGGS BUNDLES AND BRANES WITHIN SINGULAR FIBERS
The appearance of Higgs bundles (and flat connections) within string theory and the geometric Langlands program has led researchers to study the derived category of coherent sheaves and the Fukaya category of these moduli spaces. Therefore, it has become fundamental to understand Lagrangian submanifolds of the moduli space of Higgs bundles supporting holomorphic sheaves (A-branes), and their dual objects (B-branes). For L G C the Langlands dual group of G C , there is a correspondence between invariant polynomials for G C and L G C giving an identification A G C AL G C of the Hitchin bases.
5.1. Construction of branes. Though the Hitchin fibrations, the two moduli spaces M G C and ML G C are then torus fibrations over a common base and their non-singular fibers are dual abelian varieties [HT02, DP12] , answering some of the conjectures presented in [SYZ96] . Kapustin and Witten give a physical interpretation of this in terms of S-duality, using it as the basis for their approach to the geometric Langlands program [KW07] . In this approach a crucial role is played by the various types of branes and their transformation under mirror symmetry. Adopting the language of physicists, a Lagrangian submanifold of a symplectic manifold supporting a hyperholomorphic sheaf is called (the base of) an A-brane, and a complex submanifold supporting a hyperholomorphic sheaf is (the base of) a B-brane. A submanifold of a hyperkähler manifold may be of type A or B with respect to each of the complex or symplectic structures, and thus choosing a triple of structures one may speak of branes of type (B, B, B), (B, A, A), (A, B, A) and (A, A, B) . Throughout these notes we shall follow the convention in [KW07] and fix the three complex structures I, J and K, such that I is induced from the Riemann surface Σ, and J from the complex group G C .
It is hence natural to seek constructions of different families of branes inside the moduli space M G c , understand their appearance within the Hitchin fibration, and describe their mirror families of branes. In the context of Higgs bundles, branes were first considered by Kapustin and Witten in 2006 in [KW07] , where much attention was given to the (B, A, A)-brane of G-Higgs bundles inside M G C , where G is a real form of the complex Lie group G C . Soon after, examples of brane dualities were considered in [Guk11] ; in particular the case of G-Higgs bundles for compact real forms G of low rank was considered, in which case the (B, A, A)-brane lies completely inside the nilpotent cone. While partial results exist for these branes over singular fibers, the more global picture remains unknown. (B, A, A) -branes of G-Higgs bundles which live completely inside the most singular fiber of the Hitchin fibration, the nilpotent cone of M G C .
Open Question 16. Give a geometric description of all
The study of branes within moduli spaces of Higgs bundles continued evolving slowly, until natural generic methods to construct families of all types of branes in M G C were introduced in [BS16b] . These branes were constructed as fixed point sets of certain families of involutions on the moduli spaces of complex Higgs bundles. Consider σ an anti-holomorphic involution fixing a real form G of G C , and ρ the anti-holomorphic involution fixing the compact real form of G C . Then, through the Cartan involution θ = σ • ρ of a real form G of G C , one may define
Moreover, a real structure f : Σ → Σ on Σ induces an involution
Lastly, by setting i 3 := i 1 • i 2 , one may define a third involution:
The fixed point sets of the induced involutions i 1 , i 2 , i 3 introduced in [BS16b] are branes of type (B, A, A), (A, B, A) and (A, A, B) respectively, and through the associated spectral data their topological invariants can be described using KO, KR and equivariant K-theory. In particular, it was shown that among the fixed points of i 1 are solutions to the Hitchin equations with holonomy in G. Moreover, those fixed by i 2 were shown to give real integrable systems, fibered as a Lagrangian fibration over a real slice of the Hitchin base [BS14] . In order to construct the fourth type of branes, (B, B, B)-branes, one may consider Higgs bundles for a complex subgroup of G C , but these branes would not appear through a symmetry in the spirit of the above constructions 6 . On the other hand, it is shown in [HS16a] that one may construct (B, B, B)-branes by considering the subspaces of Γ-equivariant Higgs bundles for Γ a finite group acting on the Riemann surface Σ. In particular, it was shown in [HS16a] that for G C = SL(2, C), these branes would be mid-dimensional only under very restrictive conditions, and no equivalent result has been shown for higher rank groups.
Open Question 17. Describe the mid-dimensional (B, B, B)-branes appearing through Γ-equivariant Higgs bundles when Γ is a group of any rank, and classify those components completely contained in the singular locus of the Hitchin fibration.
The construction of branes following the procedures of [BS14, BS16b] have recently been generalized to the space of framed instantons [FJM15] , Higgs bundles over K3 surfaces [FJM16] , Higgs bundles over elliptic curves [BCEF16] , quiver varieties [HS16b, HS17] , more general hyperkähler spaces [BW15] , and principal Schottky bundles [CFF16] . Moreover, many of the geometric properties of the branes in [BS14, BS16b] are yet unknown, and researchers continue to study them (e.g., see [BW15, Bai17] ). In the case of finite group actions, the branes introduced in [HS16a] were later studied in [GPW16] from the perspective of character varieties, and many of their properties remain unknown.
Open Question 18.
In the spirit of [BBS16] and [BBS17a] , describe the Brauer groups and automorphism groups of the branes mentioned above.
Finally, it should be mentioned that in the last couple of years researchers have found other novel ways in which branes can be constructed within the moduli space of Higgs bundles, and which are yet to be generalized to other settings. Examples of these are Nahm branes [FJ17] , branes appearing through spinors [Hit16a] , through moment maps [Gai16] , and through Borel subgroups [FPN17] . However, it is not yet known of other triples of families of branes appearing within hyperkähler spaces.
Open Question 19. Construct natural triples of families of branes in M G C , and more generally, within hyperkähler spaces.
Considering the appearance of branes through real structures on Riemann surfaces, one should also be able to impose other structures on the surfaces to construct novel branes. A canonical example of such structure would be that of a log-symplectic structure on Σ, also called a b-Poisson structure. These structures are given by Poisson structures π ∈ X 2 (Σ) for which π has only non-degenerate zeros. In particular, π is generically symplectic. These structures were completely classified by O. Radko [Rad02] , where she noted that every surface (orientable or not) has a log-symplectic structure. The sets of invariants of log-symplectic structures are:
• The zero curves γ 1 , . . . , γ n , taken with orientation defined by π;
• The periods associated to each γ i ;
• The volume invariant of π. Since there is a natural relation between the data defining log-symplectic structures π on Σ as in [Rad02] , and the real structures f : Σ → Σ considered in [BS14] 5.2. Langlands duality. While it is understood that Langlands duality exchanges brane types, the exact correspondence is not yet known. As mentioned before, the first instances of the correspondence being studied for low rank Higgs bundles appeared in [KW07] and [Guk11] , but no proof has yet been given of a pair of branes of Higgs bundles being dual. In the case of (B, A, A)-branes of G-Higgs bundles, it was conjectured in [BS16b] how the duality should appear: Support for this conjecture is given in [Hit16b] for the group G = U(m, m) by considering the spectral data description of the brane in [Sch15b] , and in [BS17, Sch16] for the groups G = SO(p + q, p) and Sp(2p + 2q, 2p). One should note that, in contrast with the (A, B, A) and (A, A, B) branes considered in [BS16b] , for any q > 1 the (B, A, A)-branes studied in [BS17] lie completely over the singular locus of the Hitchin fibrations. For these branes of orthogonal Higgs bundles, support for Conjecture 3 is obtained from the description of how the brane intersects the most generic fibers of the Hitchin fibration: indeed the rank of the hyperholomorphic sheaf depends on the number of components in this intersection, which remains constant for different q, leading to the following conjecture. , and it is only the way in which these spaces are embedded into the different Langlands dual moduli spaces what depends on q.
In particular, the support of branes for q odd and q even are dual to each other as hyperkähler moduli spaces of complex Higgs bundles. From the description of the invariant polynomials appearing for (B, A, A)-branes of G-Higgs bundles in [Sch13b] , one can see that the majority of these branes lie over the singular locus of the Hitchin fibration. However, it is still possible to describe the intersection of these branes with the most regular of singular fibers. For example, it was shown in [HS14] that the generic intersections of the (B, A, A)-branes of SL(m, H), SO(2n, H) and Sp(2m, 2m)-Higgs bundles with the fibers of the Hitchin fibrations are not abelian varieties, but are instead moduli spaces of rank 2 bundles on a spectral curve, satisfying certain natural stability conditions. In order to fully understand Langlands duality for branes one would need to understand how different branes in a moduli space intersect, and thus the particular case of branes within the nilpotent cone is of much importance.
Open Question 21.
Describe the intersection and relation between all (B, A, A)-branes in the nilpotent cone of G C -Higgs bundles, for G C an arbitrary group. While a first step towards an answer would be to consider (B, A, A) -branes of G-Higgs bundles, or those constructed in the papers mentioned above, a more general perspective considering generators of the corresponding Fukaya category would be ideal. For a short review of the open problems and literature of this section, the reader may refer to [Sch15a] and references therein. When studying the nilpotent cone, a few question arise from the work of Gukov and his colleagues in relation to quantization:
Open Question 22. What is the brane quantizationà la [Guk11] of the branes in the nilpotent cone mentioned in this section, and how does this relate to the curve quantizationà la [DM14] of the spectral curves defined by Higgs bundles in those branes?
Open Question 23. Use the above methods to construct branes for wild Hitchin systems, and approach Langlands duality as appearing in [GW08] .
5.3. Surface group representations and GW-components. Finally, it should be noted that branes which lie completely over the singular locus of the Hitchin fibration also play an important role in representation theory. In particular, the following has been predicted by Guichard To prove that this actually gives the GW-components, the monodromy actioná la [Sch13a, BS16a] should be taken into consideration as well as the behavior over singular fibers. On the symplectic side, from the study of spectral data in [BS17] , one can see the geometric reason for the absence of any extra GW-components in the (B, A, A)-brane of Sp(2p + 2q, 2p)-Higgs bundles.
HIGGS BUNDLES AND CALABI-YAU GEOMETRY
Higgs bundles have played an important role in string theory in a wide range of contexts. But one recent application has provided some of the perhaps most surprising connections between previously unrelated aspects of geometry -that is, the links between Hitchin systems and the geometry of singular 3-and 4-(complex) dimensional Calabi-Yau (CY) varieties.
6.1. Calabi-Yau integrable systems and Hitchin Systems. The first hint of such a connection appeared in [DDP06] in which links were developed between Calabi-Yau integrable systems and Hitchin Systems. Briefly, as described in Section 2, the Hitchin system forms an integrable system through the definition of the Hitchin fibration (2.2), whose generic fibers are even abelian varieties obtained through branched coverings of an underlying Riemann surface Σ with genus g ≥ 2. On the other hand, Calabi-Yau integrable systems were first explored for families of Calabi-Yau 3-folds in [DM95, DM96] , where the base of the system was formed by the moduli space of Calabi-Yau varieties in the family, and the fibers were formed by the Deligne cohomology groups of the intermediate Jacobians:
of the Calabi-Yau 3-folds X. Fiber and base fit together into a total space carrying a holomorphic symplectic form and the fibers are Lagrangian [DM96] . Furthermore, in remarkable work [DDP06] Diaconescu, Donagi, and Pantev developed an isomorphism between Calabi-Yau integrable systems and those of Hitchin, the DDP correspondence. More precisely, by considering a smooth projective complex curve Σ and an ADE group G, for a fixed pair (Σ, G) they constructed a family of quasi-projective (i.e.
non-compact) CY 3-folds (defined via Tot(K Σ )).
Treating the moduli space of the curve as the base of a Hitchin integrable system for the group G, a correspondence between the CY integrable system (whose fibers are the intermediate Jacobians of a family of non-compact CY 3-folds) and that of the Hitchin system (whose fibers are Prym varieties of the corresponding spectral covers) was explicitly laid out for the Lie groups A k , but the description is only valid away from the discriminant. This mapping between Hitchin and CY integrable systems was nicely generalized via a sheaf-theoretic approach to the remaining simple Lie groups B k , C k , F 4 and G 2 in [Bec17] .
This important correspondence found a ready audience within string theory in the context of F-theory [Vaf96] -a "'geometrization" of the strongly coupled limit of the Type IIB string -in which the effective physics of the type IIB compactification to (12 − 2n) spacetime dimensions is encoded in the geometry of an elliptically fibered (or more generally genus one fibered), complex Calabi-Yau n-fold, π : X n → B n−1 . The degeneration of the elliptic fibers encode information about a Lie group, G, corresponding to D7-branes wrapping the discriminant locus of the elliptic fibration (see section 7 for further details). From a physical perspective, the Calabi-Yau geometry is a tool to investigate intersecting brane theories, which are innately linked to Higgs bundles. Within a "local" description of F-theory, intersecting branes (wrapping a sub-variety Σ ⊂ X n ) come equipped with an adjoint field Φ (the Higgs field) which parametrizes normal motions of a stack of branes. Matter fields are fluctuations around the background Φ and Yukawa couplings measure obstructions to extend these solutions beyond the linear order. Usually the Higgs field Φ is taken to live in a Cartan subspace of the Lie algebra so that only the eigenvalues of Φ are relevant. But this seems to be an incomplete description in many situations relevant to interesting physical models.
T-branes and Hitchin systems.
Usually the connection with F-theory is made using the spectral cover, defined through {det(Φ − ηId) = 0}, and which in the case that Σ ⊂ X (with X a CY n-fold) locally defines the CY as the normal cone of Σ. However, the spectral cover will not accurately parameterize the local geometry of X when the Higgs field is non-diagonalizable (for example when Φ is upper triangular) [DKS05] . So-called T-branes are non-Abelian bound states that generalize intersecting branes and admit a matrix of normal deformations (or Higgs field) that is nilpotent over some loci [CCHV11, DW13b, DW13a] . Mathematically, T-branes correspond to singular fibers in the Hitchin fibration.
As they first originated in the physics literature, the Hitchin systems corresponding to T-branes were not explicitly linked geometrically to the background Calabi-Yau elliptic fibrations of F-theory. A first step in this direction was taken in [AHK14] which attempted to extend some of the links developed in [DDP06] to compact Calabi-Yau varieties. A limiting mixed Hodge structure analysis was employed to study the form of the intermediate Jacobian of CY 3-folds in the limit that the geometry became singular. In certain singular limits of the elliptic fibration, the degeneration of the intermediate Jacobian, J 2 (X), leads to an emergent Hitchin system -i.e. generates the moduli space of Higgs bundles defined over the discriminant locus of the fibration [DM95, AHK14] . In [AHK14] T-branes were explored in the context of six-dimensional F-theory vacua, that is using compactifications of F-theory on singular elliptically fibered Calabi-Yau 3-folds, π : X 3 → B 2 .
The intrinsic intersecting brane Hitchin system was defined over a curve Σ ⊂ B in the base of the elliptic fibration, obtained through a component of the discriminant locus (∆ = 0) describing degenerating fibers. Upon a crepant resolution of the singular variety, it was argued that the geometric remnants of T-branes correspond to periods of the three-form potential of F-theory valued in the intermediate Jacobian of a now smooth Calabi-Yau 3-fold. Moreover, in [AHK14] a partial compactification of the DDP correspondence was established and it was demonstrated that the Hitchin system defined on the discriminant locus is contained in the local part of the (compact) Calabi-Yau integrable system:
where M and M are the full Hitchin and Calabi-Yau moduli spaces, respectively, and M cx and M loc the complex structure moduli spaces of the resolved Calabi-Yau geometry and local deformations of the singular Calabi-Yau variety (preserving the form of the singular elliptic fibers). The maps are defined such that the right map is the Hitchin fibration and the upper left (diagonal) map is an inclusion. This correspondence was established for singular CY 3-folds with A n -type singular fibers. See [AHK14] , Section A.4 for details.
Conjecture 7.
[AHK14]. The correspondence described in (6.2) can be extended to any compact, singular, elliptically fibered CY 3-fold with singular fibers associated to G-symmetry (co-dimension 1 over the base and admitting a crepant resolution, see section 7 for details), and H-type Hitchin system defined over the discriminant locus of the elliptic fibration such that H ⊂ G.
Although we will not explore it in detail here, it is also expected that correspondences between Hitchin and CY integrable systems (in either the compact or non-compact CY setting) should extend to the Deligne cohomology of Calabi-Yau 4-fold geometries [BMPW14] (see also [MSS17, CGV17, BBS17b, CGSV16, CS15] for recent progress on T-branes) and Higgs bundles defined over complex surfaces [Sim88] .
6.3. Wild Hitchin systems and F-theory. An intrinsic difficulty with the Hitchin systems arising within F-theory comes from the fact that the Higgs bundles are defined on the discriminant locus of the elliptically fibered CY manifold -and hence not on smooth Riemann surfaces, but rather on complex curves that are in general singular (including sometimes non-reduced and reducible). At the singular/intersection points of such a curve, the physical theory suggests that the associated Higgs bundles should also exhibit singularities. That is, in this context, it is natural to also consider stable pairs with singular connections (see also the discussion in section 4).
Thus far, work has focused primarily on so-called parabolic Hitchin systems [Sim88, Kon93, Sim92] which accommodate the possibility of simple poles in the gauge and Higgs fields at marked points on a Riemann surface. However, many questions -of both mathematical as well as physical interestrequire the consideration of higher order singularities in the gauge fields. Wild/Irregular Higgs bundles [AS14, BY96, Boa12, FN17] extend this formalism to include stable, integrable connections with irregular singularities of the form
with n > 1 and stable parabolic Higgs pairs (E, Φ) where the Higgs field has polar parts, e.g.,
As in Simpson's construction [Sim92] for parabolic Higgs bundles, a natural assumption for this study is that the connections and Higgs fields are holomorphically gauge equivalent to ones with diagonal polar parts (this is weakened slightly in [FN17] ). This leads to a correspondence between singularities (after diagonalizing) of the form
. The moduli space of such wild Higgs bundles was described in [Boa12, Boa14] as a hyperkähler quotient. Already these irregular Hitchin systems have played a significant role in the geometric Langlands program [Fre07, GW08] , and string applications including topologically twisted N = 4 super Yang-Mills theories [GW06, KW07] , particularly in socalled 'Stokes phenomena' [Wit07, Xie13] .
Recent progress [AHKS17] has demonstrated that the study of ordinary smooth Hitchin systems is insufficient in the context of 6-dimensional F-theory compactifications. Not only should generic CY 3-folds have a correspondence to parabolic or wild Hitchin systems, but in general deformations of the singular variety (M loc in (6.2) above) can dynamically change the pole order of the relevant singular complexified connections appearing in the Higgs bundles (see [AGRT16] and [AHKS17] , Section 5.1 for an example). That is, by varying the complex structure moduli of a singular CY variety, the location of singularities in the discriminant locus ∆ can be tuned to coincide. This tuning, when viewed from the intersecting brane models, should correspond to a parametric deformation of a Hitchin System in which the location of simple poles are tuned and forced to coincide into higher order poles. In many instances it seems this tuning can be done without changing the dimension of the underlying CY/Hitchin moduli space.
Conjecture 8. [AHKS17]:
There exists a flat morphism between the moduli spaces M par and M wild in the case of a singular parabolic Higgs bundle with n-simple poles in its connection and that of a wild Higgs bundle with a single, higher order pole of order n.
This limiting process in the context of CY varieties also leads to the open question:
Open Question 24. [AHKS17] : Does the stokes phenomena exhibited by wild Higgs bundles have an analog in the moduli space of singular, elliptically fibered CY geometries or CY integrable systems? 6.4. Singular CY varieties. Finally, it should be noted that there are likely many unexplored links between classification problems in parabolic/wild Hitchin Systems and singular CY varieties. In general, the criteria for CY 3-folds to exhibit a generic singularity everywhere in its complex structure moduli space has attracted interest from the physics community in the context of "non-Higgsable clusters" [HT15, AT14, MT12a, MT15] . The maps in (6.2) embedding the Hitchin moduli space into that of the singular CY variety indicate that in such cases the highly constrained form of the singular CY geometry must correspond to an equally constrained Hitchin system. From the underlying effective physics of F-theory this correspondence arises from the fact that an SU(2) R-symmetry acting on the hypermultiplets of the 6-dimensional effective theory. Thus, any T-brane solution (or more generally Higgs bundle on the brane with associated spectral cover) must correspond under hypermultiplet rotation to a deformation of complex structure of the singular 3-fold [AHK14] . In particular, in the case of non-Higgsable CY 3-fold geometries an open question is to understand the following:
Open Question 25. In the case that a non-Higgsable CY manifold exhibits G singular elliptic fibers over a (possibly singular) curve Σ, does this correspond to a trivial/empty Hitchin moduli space (including parabolic or wild Hitchin moduli space depending on the singularities of Σ) of H-Higgs bundles over Σ where H ⊂ G?
One example where this open question can be confirmed in the affirmative is in the case of CY 3-folds π : X → F n , defined as a Weierstrass model (see section 7) over a Hirzebruch surface, F n . For each n > 2, such elliptically fibered geometries are generically singular [MV96, BIK + 96]. For n = 3 for example there is a generic SU(3) singularity over a discriminant locus ∆ ⊂ F 3 which takes the form of a smooth curve of genus zero (one of the sections of the rational fibration of F 3 ). The fact that this symmetry is "un-Higgsable" in the physical theory corresponds to the triviality of SL(N, C)-Higgs bundles over P 1 with N = 2, 3. See [AHK14] for further examples involving parabolic Hitchin systems over P 1 with marked points.
In The self duality equations of N = 4 supersymmetric Yang-Mills theories have led to a rich interplay between theories of branes arising in string theory and Higgs bundles. It would be intriguing to understand whether such links could arise between N = 3 theories and "cousins" of the Hitchin system over Riemann surfaces. Finally, it should be noted that within F-theory and the subject of T-branes there remain many open questions linking so-called "matrix factorization" techniques, K-theory, Hitchin systems and Calabi-Yau geometry (see e.g. [BBS17b] ).
ELLIPTIC FIBRATIONS, WEIERSTRASS MODELS, AND CALABI-YAU RESOLUTIONS
Since elliptic fibrations play an important role when studying the relations between Higgs bundles and F-theory, we shall conclude these notes with a review of some of the basic ideas and recent advances. The reader should not take this a thorough review, but rather a brief, curated overview of some essential aspects of the underlying geometry.
Definition 4. A surjective proper morphism ϕ : Y → B between two algebraic varieties Y and B is called an elliptic fibration if the generic fiber of ϕ is a smooth projective curve of genus one and ϕ has a rational section. When B is a curve, Y is called an elliptic surface. Moreover, when B is a surface, Y is said to be an elliptic 3-fold. In general, if B has dimension n − 1, Y is called an elliptic n-fold.
7.1. Classification of singular fibers. The locus of singular fibers of an elliptic fibration, ϕ : Y → B, is called the discriminant locus, and is denoted by ∆(ϕ), or simply ∆ when the context is clear. If the base B is smooth, the discriminant locus is a divisor [Dol69] . In the early 1960s, Kodaira classified singular fibers of minimal elliptic surfaces in terms of numerical invariants showing that there are 8 possibilities including two infinite series and 6 exceptional cases [Kod63] . Soon after, Néron obtained an equivalent classification in an arithmetic setting using explicit regularizations of singular Weierstrass models [N64] . Based on Néron's analysis, Tate proposed an algorithm that allows (among other things) the determination of the type of singular fibers of a Weierstrass model by analyzing the valuation of its coefficients [Tat75] . Under appropriate conditions, Kodaira's classification of singular fibers of an elliptic surface and Tate's algorithm can be used to describe the possible singular fibers and monodromies of an elliptically fibered n-fold over points in codimension-1 in the base.
However, over points in codimension-2, new fibers not in Kodaira's list are known to occur [Mir83, Szy99] . These are frequently referred to as collisions of singular fibers as they usually appear at the intersections of two divisors of the discriminant locus of the elliptic fibration. In general however, no classification exists for the singular fibers of elliptic 3-folds and 4-folds, leading to the broad question:
Open Question 27. How can one geometrically classify non-Kodaira fibers?
Under some assumptions, the answer is known for the elliptic n-folds called Miranda models [Mir83, Szy99] . More generally, in the case of flat elliptic fibrations obtained by crepant resolutions of Weierstrass models, non-Kodaira fibers are expected to be contractions of usual Kodaira fibers. This is proven for elliptic 3-folds [Cat13] and confirmed in all known examples of non-Kodaira fibers appearing in the F-theory literature [MT12b, EFY15, EKY14, EY13, TW12, LSN13].
In view of the links described in section 6 between elliptic CY geometry and Hitchin systems, this leads naturally to the conjecture that two classification problems might be linked:
Open Question 28. How is the classification of non-Kodaira fibers of an elliptically fibered Calabi-Yau 3-fold related to the classification of parabolic or wild Hitchin systems defined over the discriminant locus?
7.2. Weierstrass models. Since an elliptic fibration over a smooth base is birational to a (possibly singular) Weierstrass model [Del75] , the starting point of such an analysis will usually be a Weierstrass model. We shall review here the main features of these models, following the notation of Deligne [Del75] . Let L be a line bundle over a quasi-projective variety B. We define the following projective bundle (of lines):
We denote by O X 0 (1) the dual of the tautological line bundle of the projective bundle X 0 . The relative projective coordinates of X 0 over B are denoted [z : x : y], where z, x, and y are defined respectively by the natural injection of O B , L ⊗2 , and Crepant resolutions of Weierstrass models have the same Euler characteristic, and these have recently been computed in [EJK17b] .
Following F-theory, we can attach to a given elliptic fibration a Lie algebra g, a representation R of g, and a hyperplane arrangement I(g, R). The Lie algebra g and the representation R are determined by the fibers over codimension-1 and codimension-2 points, respectively, of the base in the discriminant locus. The hyperplane arrangement I(g, R) is defined inside the dual fundamental Weyl chamber of g (i.e. the dual cone of the fundamental Weyl chamber of g), and its hyperplanes are the set of kernels of the weights of R. Moreover, one may study the network of flops using the hyperplane arrangement I(g, R) inspired from the theory of Coulomb branches of five-dimensional supersymmetric gauge theories with eight supercharges [IMS97] .
The network of crepant resolutions is isomorphic to the network of chambers of the hyperplane arrangement I(g, R) defined by splitting the dual fundamental Weyl chamber of the Lie algebra g by the hyperplanes dual to the weights of R. The hyperplane arrangement I(g, R), its relation to the Coulomb branches of supersymmetric gauge theories and the network of crepant resolutions are studied, among others, in [IMS97, DE99, GH12, BSN16, GH12, HLSN13, HLMSN14, ESY15, ESY16, EJJN15, EJJN16, EJK17a, EJK17c].
The representation R attached to an elliptic fibration can be derived systematically using intersection theory [AG96] . Indeed, let C be a vertical curve, i.e. a curve contained in a fiber of the elliptic fibration. Let S be an irreducible component of the reduced discriminant of the elliptic fibration To an elliptic fibration, we associate a representation R of the Lie algebra g as follows. The weight vectors of the irreducible vertical rational curves of the fibers over codimension-2 points form a set Π derived by intersection theory. The saturation of Π (by adding and subtracting roots) defines uniquely a representation R. This method due to Aspinwall and Gross [AG96, §4] explains how the representation R can be deduced even in presence of non-Kodaira fibers [MSN11] . The method can be formalized using the notion of saturation set of weights borrowed from Bourbaki [EJK17a, EJK17c] .
One interesting property of the derivation of the representation R from intersection theory is that it does not assume the Calabi-Yau condition nor relies on anomaly cancellations. Hence, from that point of view, the representation attached to an elliptic fibration is purely a geometric data of the elliptic fibration that also controls aspects of its its birational geometry via the hyperplane arrangement I(g, R). There are subtleties in presence of exotic matter [AGRT16] , when the component of the discriminant supporting the gauge group is singular [KT16] , in presence of a non-trivial Mordell-Weil group [MMTW14] , when the codimension-two fibers are non-split [EJK17a, EJK17c] , or when the fibration is non-flat [LSN13] . Although we understand the structure of the hyperplane arrangement I(g, R) for most of the F-theory models with simple groups (see for example [IMS97, DE99, HLMSN14, EJJN15, EJJN16, EJK17a, EJK17c]), the structure in presence of semi-simple groups is still not well explored. This lead to the following question.
Open Question 29.
What are the intersection properties of (exotic) representations appearing in F-theory and the structure of their associated hyperplane arrangements? 7.3. Superconformal field theories in the context of F-theory. Finally, it should be noted that there is a rich array of open questions that have arisen form the recent investigations into superconformal field theories in the context of F-theory. The superconformal algebra is a graded Lie algebra that combines the conformal Poincaré algebra and supersymmetry. Some of the most basic data characterizing a superconformal field theory (SCFT) is the number of spacetime dimensions in which it is defined, and the amount of supersymmetry generators and their chirality.
Recently, substantial interest has centered on six-dimensional SCFTs with (2, 0) and (1, 0) supersymmetry. According to the seminal work of Werner Nahm, SCFTs are only possible for spacetime dimensions 2, 3, 4, 5 and 6 [Nah78] . In particular, the (2,0) theories in d = 6 are the SCFTs with the maximal amount of supersymmetry in the highest dimension. The six-dimensional superconformal field theories with (1,0) supersymmetry are among the least understood quantum field theories, and this is a subject situated at the interface between mathematics and physics. On the physics side it relates to understanding the non-perturbative nature of F-/M-theory, and mathematically it connects to questions in broad areas, as Donaldson-Thomas theory of Calabi-Yau manifolds, modular and automorphic forms, knot theory, singularities, and representation theory. As they arise in F-theory and CY elliptic fibrations, it is then natural to ask:
Open Question 30. What is the geometry of elliptic fibrations used to model (1,0) theories? How are the SCFT loci related to the structure of Higgs bundles appearing in F-theory?
The crepant resolutions of the singularities of CY elliptic fibrations exhibiting SCFT loci provide a beautiful connection between the mechanism of anomaly cancellation as seen in physics and topological quantities that have been recently discovered. An understanding of the SCFT geometry must be linked to the simplest building blocks of (1,0) theories, the so called non-Higgsable clusters [MT12a, MT12c, HMV14, HMRV15] . First steps towards the analysis of of the crepant resolutions of such SCFT loci (including so-called "matter transitions" in F-theory [AGRT16] ) is already underway [HKLV15, LSN13, DZHM17, EJK17a, EJK17c].
